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Helical velocity fluctuations and large-scale circulation in turbulent thermal
convection
A. Bershadskii
ICAR, P.O. Box 31155, Jerusalem 91000, Israel
It is shown that helicity dynamics dominates spectral distribution of the velocity fluctuations
in turbulent thermal convection at moderate and large values of the Rayleigh number (distributed
chaos and scaling respectively). The large-scale circulation (wind) in the turbulent Rayleigh-Be´nard
convection is especially sensitive to the helicity dynamics and its chaotic reversals can be associated
with the reversals of the mean helicity sign (the ergodic restoration of the reflectional symmetry
in a long run). Results of the laboratory experiments and measurements in the free atmospheric
convection have been used in order to support the theoretical considerations based on the adiabatic
invariance of the second order moment of the helicity distribution. The geomagnetic field dipole
variability and reversals have been also discussed in this context and good agreement with results
of numerical simulations and observational data has been established.
I. INRODUCTION
Dynamics of velocity and temperature fluctuations in
the turbulent thermal convection is an old and difficult
problem (see for reviews Refs. [1],[2],[3]). The pio-
neering works of Bolgiano and Obukhov [4],[5] applied
the Kolmogorov-like phenomenology to stably stratified
fluids and then their results were extended on the the
Rayleigh-Be´nard convection in the Refs. [6],[7],[8]. The
scaling power spectra theoretically predicted in these pa-
pers for the velocity fluctuations are rarely observed in
the laboratory experiments and atmospheric measure-
ments. It will be shown in present paper that the main
reason for this is helical nature of the velocity fluctua-
tions in the thermal convection.
It will be shown (Section II) that although helicity
is not conserved in the thermal convection (even in the
inviscid approximation) the second order moment of
the helicity distribution (the Levich-Tsinober invariant
of the Euler equation [9],[10]) is an inviscid invariant
of the thermal convection at certain (rather general)
conditions. Application of the Kolmogorov-like phe-
nomenology using this adiabatic invariant results in the
scaling power spectrum E(k) ∝ k−4/3 for the velocity
fluctuations in the inertial range of scales (Section
III). Usually the scaling inertial range is not large (if
it appears at all) for the velocity fluctuations in the
turbulent thermal convection and the distributed chaos
approach is often providing a more adequate description
of the processes (especially for the moderate values of
the Rayleigh number). Corresponding to this adiabatic
invariant power spectrum E(k) ∝ exp−(k/kβ)
1/3 will
be obtained for the velocity fluctuations in the frames of
the distributed chaos approach (Section IV).
A large-scale circulation (clockwise or anticlock-
wise global circular wind) can appear in the turbulent
Rayleigh-Be´nard convection at sufficiently large Rayleigh
numbers (see, for instance, Refs, [11],[12] and references
therein). Appearance of such global circulation in a
cylindrical cell, for instance, violates the reflectional
spatial symmetry. Natural attempts of the system to
restore the reflecional symmetry in a long run result
in the abrupt chaotic [13] reversals of the direction of
the large-scale circulation. It is shown (Section V) that
the large-scale circulation is especially sensitive to the
helicity dynamics and the reversals of the direction of
the circulation can be associated with corresponding
reversals of the mean helicity’s sign.
It is believed that the geomagnetic field is generated by
a thermal convection-driven geomagnetic dynamo (see for
a review Ref. [14]). The temporal variability and chaotic
abrupt reversals of the geomagnetic dipole has been dis-
cussed in the Section VI in the above mentioned context
and good agreement with results of numerical simula-
tions of the thermal convection-driven geomagnetic dy-
namo and observational data has been established.
II. ADIABATIC INVARIANTS
In the Boussinesq approximation thermal (buoyancy
driven) convection is described by equations [15]
∂u
∂t
+ (u · ∇)u = −
∇p
ρ0
+ σgθez + ν∇
2u (1)
∂θ
∂t
+ (u · ∇)θ = S
∆
H
ezuz + κ∇
2θ, (2)
∇ · u = 0 (3)
where θ is the temperature fluctuations (over the tem-
perature profile), u is the velocity and p is the pressure,
ez is a unit vector (along the gravity direction) and g
is the gravity acceleration, H and ∆ are the distance
between the layers and the temperature difference
between the layers, the mean density is denoted as ρ0,
whereas ν, κ and σ are the viscosity, thermal diffusivity
and thermal expansion coefficient. For the unstable
stratification (Rayleigh-Be´nard convection) S = +1
2whereas for the stable stratification S = −1.
In the non-dissipative approximation (ν = κ = 0)
equations (1-3) have a generalized energy invariant
E =
∫
V
(u2 − Sσg
H
∆
θ2) dr (4)
where V is the spatial domain’s volume [15]).
At certain conditions the Eqs (1-3) have an additional
inviscid invariant. For ν = 0 equation for mean helicity
is
d〈h〉
dt
= 2σgez〈ωzθ〉 (5)
(the helicity density - h = u·ω, the vorticity - ω = ∇×u,
〈...〉 - average over the spatial volume V ), hence the he-
licity is not an inviscid invariant of the thermal convec-
tion. Let us recall that the mean helicity together with
the mean energy are the fundamental invariants for the
Euler equations [10]. The Euler equations have an addi-
tional invariant - the second order moment of the helicity
distribution (the Levich-Tsinober invariant [9],[10]). In
the thermal convection the main contribution to the cor-
relation 〈ωzθ〉 (from the Eq. (5)) comes from the large-
scale motion (mainly from the coherent structures) and it
can be rather considerable, but the correlation between
ωz and θ is quickly diminished with decreasing spatial
scales due to the turbulent effects. In order to take into
account this phenomenon let us consider the second or-
der moment of the helicity distribution. To define this
moment let us divide the spatial domain of motion into
the cells (with volumes Vj and the boundary conditions
ω · n = 0 on the surfaces of the cells) moving with the
fluid [10]. The second order moment can be then defined
as [10]
I = lim
V→∞
1
V
∑
j
H2j (6)
where
Hj =
∫
Vj
h(r, t) dr. (7)
Due to above mentioned phenomenon the Hj are inviscid
quasi-invariants for the cells with small enough spatial
scales. For sufficiently developed turbulence such cells
provide the main contribution to the sum Eq. (6) (cf.
Ref. [16]) and, as a consequence, the total sum in the
Eq. (6) is also a quasi-invariant at ν = 0.
III. SCALING SPECTRA OF THE VELOCITY
FLUCTUATIONS
In the frames of the Kolmogorov-Obukhov phe-
nomenology [17] scaling spectra of the velocity fluctu-
ations in the inertial range of scales can be estimated
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FIG. 1: Power spectrum of the longitudinal velocity fluctua-
tions in the atmospheric near free convection.
as
E(k) ∝ ε2/3k−5/3, (8)
where
ε =
∣∣∣∣∣
d〈u2 − Sσg d∆θ
2〉
dt
∣∣∣∣∣ (9)
and the generalized energy Eq. (4) is considered as an
adiabatic invariant in the inertial range of scales.
In order to apply this approach using the second order
moment of the distribution of the helicity density - I
(Eq. (6)), as an adiabatic invariant in the inertial range
of scales we should take into account that (unlike the
energy, which is a quadratic invariant) the second order
moment I is a quartic invariant (cf. Eq. (6)). Therefore,
we should use εI = |dI
1/2/dt| instead of ε, and we obtain
from the dimensional considerations
E(k) ∝ ε
2/3
I k
−4/3 (10)
Results of atmospheric measurements of the longitu-
dinal velocity fluctuations in the near free convection
(Rayleigh-Be´nard convection, i.e. the unstable stratifi-
cation conditions) were reported in the Ref. [18]. The
measurements were made by a probe at the height ∼
12m above sea surface. The surface was aerodynamically
smooth and the weather was calm. The results for three
data sets with the wind gusts comparable to the r.m.s.
horizontal velocity fluctuations (near free convection)
are shown in the log-log scales in Figure 1 (the spectral
data for the Fig. 1 have been taken from Fig. 1a of the
Ref. [18]). The solid straight lines are drawn to indicate
the scaling spectra: Eq. (8) for the small-scale part of
the inertial range and Eq. (10) for the large-scale part
of the inertial range (the ”frozen-in” Taylor hypothesis
[18],[19] were applied in order to compare the frequency
spectra shown in the Fig. 1 with the wavenumber
spectra Eqs. (8) and (10)).
3IV. DISTRIBUTED CHAOS
Let us start from a simple (Lorenz-) model of the
thermal convection considering only the first modes in
a Galerkin approximation of the Eqs. (1-3) [20]
dx
dt
= σ(y− x),
dy
dt
= rx− y− xz,
dz
dt
= xy− bz (11)
In this system the variables x(t), y(t) and z(t) are
proportional to the effective rate of convection and
to the horizontal and vertical temperature variations
respectively [21].
For certain values of the parameters σ , r, and b the
deterministic chaotic dynamics was discovered in this
system [20],[21]. As we will see later on in this paper the
Lorenz system can be still rather inspiring.
Figure 2 shows a typical example of Lorenz chaotic
(strange) attractor. The trajectory passes around the
two fixed point of attraction of the focus type and chaot-
ically switches from one to another forming the two wings
of the attractor. Figure 3 shows a short sample of the
X(t) in the chaotic regime. The invariance of the Eq.
(11) under the (reflective) coordinate transformation
(x, y, z) −→ (−x, − y, z) (12)
(called rotation symmetry around the z-axis) will be
useful for understanding of the helical nature of the
abrupt chaotic inversions (reversals) of the large-scale
circulation (wind) in the real thermal convection (see
next Section).
The Lorenz system is a bounded and smooth dynam-
ical system. Deterministic chaos in such systems is usu-
ally associated with the exponential frequency spectrum
[22]-[25]
E(f) ∝ exp(−f/fc) (13)
Figure 4, for instance, shows in the semi-log scales
power spectrum for the X(t)-component of the Lorenz
system. The dashed straight line indicates the expo-
nential spectrum Eq. (13) and the short dotted arrow
indicates position of the fc.
In the spatial domain the frequency spectrum Eq. (13)
corresponds to the wavenumber spectrum
E(k) ∝ exp(−k/kc) (14)
(see Ref. [26] and references therein).
Increase of the number of the modes under consider-
ation to a more realistic value results in fluctuations of
the parameter fc in Eq. (13) and parameter kc in the
Eq. (14).
FIG. 2: A typical example of Lorenz chaotic attractor.
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FIG. 3: A sample of the X(t) time series for the Lorenz sys-
tem.
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FIG. 4: Power spectrum of the X(t) for the Lorenz system.
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FIG. 5: Power spectrum of the local vertical velocity at Ra =
1.2 · 108.
An ensemble averaging over the fluctuating exponen-
tial spectrum
E(k) ∝
∫
∞
0
P (kc) exp−(k/kc)dkc (15)
can account this phenomenon and the stretched expo-
nential spectrum
E(k) ∝ exp−(k/kβ)
β (16)
can be considered as a generalization of the simple
exponential one.
Comparing the Eqs. (15) and (16) we obtain an es-
timation of the large kc asymptotic of the probability
distribution P (kc) in the Eq. (15) [27]
P (kc) ∝ k
−1+β/[2(1−β)]
c exp(−γk
β/(1−β)
c ) (17)
where γ is a constant.
On the other hand, the probability distribution P (kc)
can be obtained using simple dimensional considerations.
Indeed, the scaling behaviour of the characteristic veloc-
ity vc for helicity dominated process can be estimated
from the dimensional considerations as
vc ∝ I
1/4k1/4c . (18)
It directly follows from the Eq. (18) that if vc has a
Gaussian distribution [17], then
P (kc) ∝ k
−3/4
c exp−bk
1/2 (19)
Comparing Eqs. (17) and (19) and taking γ = b one
obtains β = 1/3, i.e.
E(k) ∝ exp−(k/kβ)
1/3. (20)
where kβ is a renormalized (due to the fluctuations)
characteristic wavenumber.
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FIG. 6: Power spectrum of the local vertical velocity at Ra =
2.3 · 1010.
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FIG. 7: Kadanoff’s cartoon of generation of the large-scale
circulation in the turbulent Rayleigh-Be´nard convection.
In Ref. [28] results of the laser Doppler velocimetry
measurements of Rayleigh-Be´nard convection in a
cylindrical cell (filled with water) were reported. Local
vertical velocity near the vertical sidewall of the cell
was measured at mid-height of the cell at different
values of the Rayleigh number (from Ra = 1.2 · 108
to Ra = 2.3 · 1010). A large-scale circulation was also
present in this experiment and the measurements were
made within the rotational plane of the circulation. The
aspect ratio of the cell Γ = D/H (where D is the cell’s
diameter) was close to 1.
Figures 5 and 6 show power spectra of the local vertical
velocity at Ra = 1.2 ·108 and Ra = 2.3 ·1010, respectively
(the spectral data were taken from Fig. 2 of the Ref.
[28]). The dashed curve indicates correspondence to the
spectral law Eq. (20) (again the Taylor hypothesis has
5t
FIG. 8: A short sample of the time series of the large-scale
circulation velocity at Ra = 1.5 · 1011.
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FIG. 9: Power spectrum of the large-scale circulation velocity
at Ra = 1.5 · 1011.
been applied). The straight line with the slope ”-4/3”
(cf. Eq. (10)) has been drawn in the Fig. 6 for reference.
V. LARGE-SCALE CIRCULATION
Figure 7 schematically shows how the cold (blue) and
hot (red) plumes generate the large-scale circulation in
the turbulent Rayleigh-Be´nard convection (adapted from
Ref. [29]). This schematic picture was confirmed by di-
rect observations in the laboratory experiments (see, for
instance, Ref. [30] and references therein).
Figure 8 (adapted from the Ref. [11]) shows a short
sample of the time series of the large-scale circulation
velocity measured in a cylindrical cell with Γ = 1
(filled with cryogenic helium gas) near the vertical
sidewall at mid-height of the cell at rather large value
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FIG. 10: Power spectrum of the large-scale circulation veloc-
ity at Ra = 5.6 · 109 (at the top of the cell).
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FIG. 11: Power spectrum of the large-scale circulation veloc-
ity at Ra = 5.6 · 109 (at the bottom of the cell).
of the Rayleigh number Ra = 1.5 · 1011. Figure 9
shows power spectrum of the large-scale circulation
velocity (the spectral data were taken from Fig. 2 of
the Ref. [11]). The straight line is drawn in the Fig.
9 to indicate correspondence to the spectral law Eq. (10).
It should be noted that the large-scale circulation was
also well observed at considerably smaller values of the
Rayleigh number Ra = 5.6 · 109 in a water-filled cylin-
drical Rayleigh-Be´nard convection cell (Γ = 1) [30], for
instance.
Figures 10 and 11 show the large-scale circulation
velocity spectra obtained in this experiment at the top
and at the bottom of the cell correspondingly. Figure
12 shows the large-scale circulation velocity spectrum
obtained in this experiment at the top of the cell at
Ra = 5.7 · 1010 and Γ = 1/2 (at the bottom of the cell
the spectrum is analogous). The spectral data were
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FIG. 12: Power spectrum of the large-scale circulation veloc-
ity at Ra = 5.7 · 1010 (at the top of the cell).
taken from Fig. 7 of the Ref. [30].
The dashed curves in the Figs. 10-12 indicate corre-
spondence to the spectral law Eq. (20). One can see that
in this case (unlike the previous one - Fig. 9) the spectral
behaviour indicates the distributed chaos instead of the
scaling. In the both experiments, however, the large scale
circulation was dominated by the second order moment
of helicity distribution (the Levich-Tsinober invariant) -
Eqs. (10) and (18-20).
The appearance of the clockwise (or alternatively the
anticlockwise) large-scale circulation in the cylindrical
cell is, of course, a spontaneous breaking of the re-
flectional symmetry. The observed phenomenon of the
chaotic reversals of direction of the large-scale circula-
tion (see Fig. 8, for instance) can be considered as an
ergodic restoration of the global reflectional symmetry in
a long run (cf. also Fig. 3 and its relation to the re-
flectional symmetry). Therefore, we can expect that (as
in the case of the Lorenz attractor, see Section IV) we
have deal with a two-wing attractor and chaotic transi-
tions between the wings resulting in the wind reversals.
Then, naturally, the each wing of the attractor can be as-
sociated with the mean helicity of the opposite sign (let
us recall that the mean helicity is not conserved in the
Rayleigh-Be´nard convection) and the chaotic reversals of
the large-scale circulation can be associated with rever-
sals of the mean helicity’s sign at the chaotic transitions
from one wing of the attractor to another (cf. Ref. [31]
and references therein).
VI. THE GEOMAGNETIC FIELD DIPOLE
VARIABILITY
The global geomagnetic field plays important role in
sustaining life on the Earth providing a shield against
the energetic charged particles coming from space
and the Sun (see, for instance, Refs. [32],[33] and
references therein). The modern technology, based on
the electromagnetic processes, is also effectively shielded
from the solar wind effects by the global geomagnetic
field. However, the global geomagnetic field intensity
is varying in time, and although the characteristic
time scales of this variability are usually large (or
very large) in comparing with the human lifetime,
it seems to be important to understand its temporal
dynamics. It should be noted that the current significant
decrease of the geomagnetic field intensity is already
a problem [34]. The complete polarity reversals and
excursions of the global magnetic field are of especial in-
terest (see, for instance, Ref. [14] and references therein).
In the Boussinesq approximation the dynamo action
induced by thermal convection in an unstably strati-
fied shell between two concentric spheres rotating with
angular velocity Ω is described by the system of non-
dimensional equations
E ·
{
∂u
∂t
+ (u · ∇)u−∇2u
}
+∇p = F(u,B, T ) (21)
F(u,B, T ) = 2[zˆ×u]+Ra
r
R
T+Pm−1[(∇×B)×B] (22)
∂T
∂t
+ (u · ∇)T = Pr−1∇2T (23)
∂B
∂t
= ∇× (u×B) + Pm−1∇2B (24)
∇ · u = 0, ∇ ·B = 0 (25)
with appropriate boundary conditions (see, for instance,
Ref. [14] and references therein). In these equations T is
temperature, B is magnetic field, zˆ is a unit vector in the
direction of the axis of rotation, r is the position vector
and R is the outer radius of the shell. Dimensionless
E = ν/ΩH2 is the Ekman number (H is the shell gap),
Pr = ν/κ is the Prandtl number, Pm = ν/η is the
magnetic Prandtl number (η is the magnetic diffusivity),
Ra = σg∆TH/νΩ is the modified Rayleigh number (∆T
is the temperature difference between outer and inner
boundaries of the shell).
For inviscid fluid (ν = 0) the equation for mean helicity
is
d〈h〉
dt
= 2〈ω ·F(u,B, T )〉 (26)
(cf. the Eq. (5)). Hence the helicity is not an inviscid
invariant in this case as well. However, the second order
7moment of the helicity distribution I at certain condi-
tions can be an adiabatic invariant of the system Eqs.
(21-25). Indeed, if the main contribution to the gener-
ally non-zero correlation 〈ω · F(u,B, T )〉 is provided by
the large-scale (mainly coherent) fields, but the correla-
tion 〈ω · F(u,B, T )〉 is quickly weakened toward smaller
spatial scales (due to the randomization produced by
the turbulent effects), then the consideration similar to
that of the Section II supports the adiabatic invariance
of the second order moment of the helicity distribution
I. Therefore, the two types of the spatial (wavenum-
ber) spectrum related to this adiabatic invariance - Eqs.
(10) and (20), can be also obtained for the system Eqs.
(21-25). In this Section we will be interested in the true
temporal (frequency) spectra of the velocity field. The
scaling temporal spectrum corresponding to the spatial
one Eq. (10) can be readily obtained from the dimen-
sional considerations:
E(f) ∝ ε
4/5
I f
−7/5 (27)
As for the distributed chaos one should replace the spa-
tial (wavenumber) Eq. (18) by corresponding temporal
(frequency) relationship
vc ∝ I
1/5f1/5c . (28)
Then, in the way similar to that used in the Section IV
one obtains for the distributed chaos the stretched expo-
nential temporal (frequency) spectrum
E(f) ∝ exp−(f/fβ)
2/7. (29)
where fβ is a renormalized (due to the fluctuations)
characteristic frequency (cf. the Eq. (20)).
The equations (21-25) are dimensionless, but since the
spectra Eqs. (27) and (29) have been obtained from
the dimensional considerations let us recall that in the
Alfve´nic units the magnetic field has the same dimension
as velocity. Therefore, in this units the same dimensional
considerations that were used in order to obtain the ve-
locity spectrum Eq. (27) or Eq. (29) can be also used to
obtain spectrum of the magnetic field in the same form
of the Eq. (27) or (29) (cf., for instance, Ref. [35] and
references therein).
The paleo-geomagnetic data is usually obtained for the
geomagnetic dipole moment. The magnetic dipole mo-
ment normalized by the domain’s volume V is
µ =
1
2V
∫
[r× j] dV =
1
2V
∫
[r× (∇×B)] dV (30)
and in the Alfve´nic units the µ also has the same dimen-
sion as velocity, and the same dimensional considerations
can be used in this case as well. Therefore the scaling
Eq. (27) and stretched exponential Eq. (29) spectra can
be used for the geomagnetic dipole moment dynamics.
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FIG. 13: Composite power spectrum of geomagnetic dipole
moment variations for the time interval 0-160 Myr.
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FIG. 14: Power spectrum of the axial dipole magnetic field
(numerical simulation, Rm = 564).
Figure 13 shows a composite power spectrum of the
geomagnetic field dipole variability and reversals for the
time interval 0-160 Myr (the spectrum was adapted from
the Fig. 7 of the Ref. [36]). The magnetostratigraphic
time scale, different marine sediment paleointensity
records and a paleomagnetic field model were used to
construct the composite spectrum. The solid straight
line is drawn to indicate the scaling spectrum Eq. (27).
Figure 14 shows power spectrum of the axial dipole
magnetic field obtained in a thermal convection-driven
geodynamo simulation reported in Ref. [37] (the spec-
tral data were taken from Fig. 3 of the Ref [37] for
the magnetic Reynolds number Rm = 564). The system
Eqs. (21-25) were used at this simulation with appropri-
ate boundary conditions and some additional constraints
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FIG. 15: Power spectrum of the axial dipole magnetic field
(numerical simulation, Rm = 90).
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FIG. 16: Power spectrum of the the virtual axial dipole mo-
ment. The SINT-2000 data set for the the past 2 Myr.
(see for details Ref. [37]). The dashed curve is drawn to
indicate the spectrum Eq. (29) (the distributed chaos).
Figure 15 shows power spectrum of the axial dipole
magnetic field obtained in another thermal convection-
driven geodynamo simulation reported in Refs. [38],[39]
(the spectral data were taken from Fig. 2 of the Ref
[39] for the magnetic Reynolds number Rm = 90).
The system Eqs. (21-25) were used at this simulation
with appropriate boundary conditions at E = 5 · 105,
Ra = 1400, Pm = 0.5 and Pr = 1. The lime curve is
drawn to indicate the spectrum Eq. (29).
The geomagnetic dipole moment variability for the
past two million years were studied in the Ref. [40]
using a global composite stack of the records of relative
magnetic palaeointensity obtained from sediment cores
in different oceanic basins (the SINT-2000 data set).
It was shown in the Ref. [40] that the obtained dipole
dynamics is in good agreement with that obtained from
the volcanic lavas. It was also noted that the axial dipole
rebuilds itself after reversal (in the opposite direction)
in a few thousand years, i.e. the reversals are rather
abrupt. Figure 16 shows power spectrum of the virtual
axial dipole moment variability computed using this
data set (the spectral data were taken from Fig. 12b of
the Ref. [41]). The lime curve in the Fig. 16 is drawn to
indicate correspondence to the spectrum Eq. (29).
One can conclude that the thermal convection-driven
geomagnetic dipole variability is apparently dominated
by the second order moment of the helicity distribution
- I, in an inertial range of scales. Comparing this result
with the above discussed abrupt chaotic reversals of the
large-scale circulation in the pure thermal convection one
can expect that the observed abrupt chaotic reversals of
the geomagnetic field polarity are related to the ergodic
reversals in mean helicity sign as well, and the observed
dynamics of the geomagnetic field can provide informa-
tion about dynamics of velocity field in the Earth’s liquid
core.
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